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We perform the ADM decomposition of a ve-parameter family of quadratic non-metricity theories and study
their conjugate momenta. After systematically identifying all possible conditions which can be imposed on
the parameters such that dierent sets of primary constraints arise, we nd that the ve-parametric theory
space can be compartmentalized into nine dierent sectors, based on the presence or absence of primary
constraints. This classication allows to dismiss certain classes of theories as unphysical and invites further
investigations into the remaining sectors, which may contain phenomenologically interesting modications
of General Relativity.
I. INTRODUCTION
Gravity and geometry have been linked together ever since Einstein’s brilliant formulation of General Relativity (GR),
which conceptualizes spacetime as a dierential manifold endowed with a metric tensor and ascribes the eects
of gravitation to the curvature of spacetime. At the base of this interpretation of gravitation rests the equivalence
principle, but also two seemingly innocuous mathematical postulates. In fact, a manifold cannot only be endowed with
a metric, but also with an ane structure described by a connection Γαµν . In the standard formulation of GR, the
connection is postulated to be torsion-free and metric-compatible and these two requirements uniquely determine
Γαµν to be the Levi-Civita connection induced by the metric tensor.
In general, however, the metric and the connection are independent objects and two alternative but equivalent geo-
metric descriptions of gravity are conceivable once the requirements of torsion-freeness and metric-compatibility are
relaxed: The Teleparallel Equivalent formulation of GR (TEGR) [1–3] is based on a at and metric-compatible connec-
tion, ascribing the eects of gravity to torsion, while the Symmetric Teleparallel Equivalent of GR (STEGR) [4] builds
on a at, torsionless connection and describes gravity via the non-metricity tensor.
Despite their equivalence to GR, the teleparallel formulations are appealing from a theoretical perspective as becomes
apparent when the actions of the various theories are considered. Recall that the Einstein-Hilbert action leads to an
ill-posed variational problem due to the presence of second order derivatives in the Riemann curvature tensor. This
requires to not only impose boundary conditions on the metric, but also on its normal derivatives. Alternatively, one
can achieve a cancellation of the higher derivative terms by introducing the Gibbons-Hawking-York boundary term.
Teleparallel theories, however, do not suer from this problem as their actions only contain rst order derivatives. This
property of teleparallel theories oers more exibility in the search for extensions of GR since they can be formulated
in a covariant manner and they naturally lead to second order eld equations, without the need for alterations to the
action principle.
Symmetric teleparallel theories possess one additional property which makes them attractive: The vanishing of cur-
vature and torsion implies the existence of a gauge – the so-called coincident gauge [5] – which globally trivializes the
connection, Γαµν = 0. This makes STEGR interesting for applications in numerical relativity and it might shed new
light on issues of canonical quantum gravity. Moreover, extensions of STEGR could have implications for ination and
dark energy [6] as well as dark matter phenomenology.
However, before studying phenomenological models based on symmetric teleparallelism, it is essential to identify
those theories which are self-consistent. This involves counting the degrees of freedom which are being propagated
and determining whether these candidate theories harbor ghosts. These questions can be addressed systematically
within the generalized Hamiltonian formalism pioneered by Dirac and Bergmann [7–9], of which we will make extensive
use in this article. Our starting point in section II is an action functional constructed from arbitrary linear combinations
of the ve independent non-metricity scalars. We then proceed in section III by performing the 3 + 1 decomposition
of this action in terms of ADM variables, thereby always working in the coincident gauge where the connection is
trivial. In order to transition to the Hamiltonian formalism, we compute all conjugate momentum densities of the ADM
elds and nd, unsurprisingly, that the number of primary constraints in the Hamiltonian theory depends on how the
ve parameters of the action are chosen.
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2In section IV we systematically analyze all possible conditions that can be imposed on the ve action parameters. This
leads to a compartmentalization of the ve-parametric theory space into nine distinct sectors, where each sector
is characterized by a certain number of primary constraints. This classication of primary sectors can already be
applied to dismiss certain theories as unphysical – either because there are too many or too few primary constraints.
The surviving sectors invite further investigations along the lines of a full-edged Hamiltonian analysis.
II. SYMMETRIC TELEPARALLELISM
Let us start by introducing a non-Riemannian, ane manifold described by (M, gµν ,Γαµν), where gµν denotes the
components of the metric tensor of signature (−,+,+,+) and Γαµν represents an ane connection. This connection
denes a notion of covariant dierentiation through its action on vectors and co-vectors,
∇µV α = ∂µV α + ΓαµλV λ
∇µVα = ∂µVα − ΓλµαVλ, (1)
and it can be used to describe three independent geometric properties of a spacetime: curvature, torsion, and
non-metricity. The rst two objects, curvature and torsion, are dened by
Rαβµν := 2∂[µΓ
α
ν]β + 2Γ
α
[µ|λ|Γ
λ
ν]β
Tαµν := 2Γ
α
[µν], (2)
and symmetric teleparallelism demands that both tensors vanish. The vanishing of the curvature tensor implies that
the connection must have the form
Γαµν =
(
Λ−1
)α
ρ
∂µΛ
ρ
ν , (3)
where Λαβ ∈ GL(4,R). The requirement of vanishing torsion further restricts the matrix Λαβ to have the form
Λαβ = ∂βξ
α, for arbitrary ξα, and the connection consequently becomes
Γαµν =
∂xα
∂ξλ
∂µ∂νξ
λ. (4)
What is remarkable about (4) is that the connection can be set globally to zero by the ane gauge choice ξα =
Mαβx
β + ξα0 , where Mαβ is a non-degenerate matrix with constant entries and ξ
α
0 is a constant vector. This is known
as the coincident gauge [5]. With curvature and torsion set to zero, the non-metricity tensor is the only remaining
non-trivial object. As it measures the failure of the connection (4) to be metric-compatible, it is dened by
Qαµν := ∇αgµν = ∂αgµν − 2∂x
ρ
∂ξλ
∂α∂(µξ
λgν)ρ. (5)
At quadratic order, there are only ve independent scalars that can be built from the non-metricity tensor,
Q := c1QαβγQαβγ + c2QαβγQβαγ + c3QαQα + c4 Q¯αQ¯α + c5QαQ¯α, (6)
where ci are arbitrary real numbers and Qα := Qανν and Q¯α := Qννα denote the two independent traces. In terms
of the non-metricity scalar Q, the covariant ve-parametric action of symmetric teleparallelism can be written as
S[g,Γ;λ, ρ] :=
∫
M
d4x
(
1
2
√−gQ+ λαβµνRαβµν + ραµνTαµν
)
, (7)
where the tensor densities λαβµν and ραµν act as Lagrange multipliers which force the spacetime to be at and
torsionless. If the ci parameters are chosen as
c1 = −1
4
, c2 =
1
2
, c3 =
1
4
, c4 = 0, c5 = −1
2
, (8)
the Symmetric Teleparallel Equivalent of GR is recovered. Our objective of performing the ADM decomposition of
STG and classifying all primary constraints can in principle be achieved using the action (7), which is a functional of
ten metric components, 64 connection components and which also depends on 44 Lagrange multipliers. However,
this task can be drastically simplied by exclusively working in the coincident gauge. This is tantamount to strongly
imposing the constraints (2) and setting the connection to zero globally. Hence, we are left with the simpler action
S[g] = 1
2
∫
M
d4x
√−gQ, (9)
3which is solely a functional of the metric and where the scalar Q := Q|Γ=0 is explicitly given by
Q = (c1gακgβµgγν + c2gανgβµgγκ + c3gακgβγgµν + c4gαβgγνgκµ + c5gαβgγκgµν) ∂αgβγ∂κgµν . (10)
The action (9) is the starting point for the ADM decomposition and computation of conjugate momenta, which is the
rst step toward counting degrees of freedom and assessing the health status of the ve-parameter family of theories
described by Q.
III. ADM DECOMPOSITION AND CONJUGATE MOMENTA
In order to perform the Hamiltonian analysis of the action (9), we introduce local coordinates (t, xa) with a ∈ {1, 2, 3}
and foliate the manifoldM into spacelike hypersurfaces Σt of constant coordinate time t. Furthermore, it is convenient
to perform an ADM decomposition where the metric degrees of freedom are given by a lapse function N , a shift
vector eld Na, and the intrinsic three-dimensional metric hab of the spacelike leaves. Concretely, the metric and its
inverse are given by
gµν =
(−N2 +NaNa Na
Na hab
)
and gµν =
(
− 1N2 N
a
N2
Na
N2 h
ab − NaNbN2
)
. (11)
Our convention is to use lower case roman letters to denote spatial indices while the temporal index will be denoted
by 0 in the sequel. As usual, spatial indices are raised and lowered with the intrinsic metric hab. Using (11) one can
easily show that the determinant of the spacetime metric is given by
√−g = N√h.
With these prearrangements, it is in principle a straightforward task to perform the ADM decomposition of the
action (9). It is just a matter of inserting (11) into (9) and computing all partial derivatives and metric contractions.
In practice, however, it is a tedious and unenlightening exercise. We have therefore written a code, based on the
Mathematica extension package xAct [10], to accomplish the ADM decomposition and perform parts of the Hamiltonian
analysis. The same le has also been used to compute the momentum densities1 conjugate to lapse, shift, and intrinsic
metric. These are explicitly given by
p˜i :=
δS
δN˙
=
√
h
N4
[
2c˜
(
Q000 −NaQa00 − 2NaQ00a + 2NaN bQab0 +NaN bQ0ab −NaN bN cQabc
)
+ c35
(
N2NaQa −N2Q0
)
+ c45
(
N2NaQ¯a −N2Q¯0
) ]
p˜ia :=
δS
δN˙a
=
√
h
2N3
[
2cˆ
(
Q00a −N bQba0 −N bQ0ab +N bN cQbac
)
+ c25
(
Qa00 − 2N bQab0 +N bN cQabc
)
− 2c4N2Q¯a − c5N2Qa
]
p˜iab :=
δS
δh˙ab
=
√
h
2N3
[
c35
(
habQ000 − habN c
(
Qc00 + 2Q00c −Nd {2Qcd0 +Q0cd −NeQcde}
))
+N2N chadhbe (2c1Qcde + c2Qdce + c2Qecd) +N
2N chabhde (2c3Qcde + c5Qdce)
−N2habhcd (2c3Q0cd + c5Qcd0)−N2hachbd (2c1Q0cd + c2Qcd0 + c2Qdc0)
]
, (12)
where we introduced the shorthand notations
c˜ := c1 + c2 + c3 + c4 + c5
cˆ := 2c1 + c2 + c4
ci5 := 2ci + c5 for i ∈ {2, 3, 4} (13)
and we kept the non-metricity components for compactness of notation. We nd that in general the momenta
conjugate to lapse and shift do not vanish. Even for the parameter choice (8), which corresponds to Coincident GR,
1 We use Ashtekar’s tilde notation to denote tensor densities of weight one.
4one nds the non-vanishing momentum densities
p˜i|ci→GR =
√
h
2N2
(
Q¯0 −NaQ¯a
)
p˜ia|ci→GR =
√
h
4N3
(
Qa00 +N
2hbcQabc +N
b(QabcN
c − 2Qab0)
)
p˜iab
∣∣
ci→GR =
√
h
4N
[
N chadhbe (Qdce +Qecd −Qcde) +N chabhde (Qcde −Qdce)
− habhcd (Q0cd −Qcd0)− hachbd (Qcd0 +Qdc0 −Q0cd)
]
. (14)
This is consistent with the observation made in [11] where a detailed Hamiltonian analysis for Coincident General
Relativity was carried out after the momenta were made to vanish through the addition of appropriate boundary
terms. Also, notice that in (14) the momenta conjugate to lapse and shift do not contain any velocity elds. Time
derivatives only appear in non-metricity components of the formQ0µν and in the traceQ0 (but not in Q¯0). It therefore
follows that the momenta conjugate to lapse and shift constitute primary constraints, despite being dierent from
zero, while the momenta conjugate to the intrinsic metric depend on Q0cd = h˙cd and are therefore dynamical.
This observation is immediately transferable to the general case described by (12): The non-vanishing momenta can be
turned into primary constraints by imposing appropriate conditions on the ci parameters. For instance, the choices
c˜ = 0, c35 = 0 remove all velocity terms from the momentum density p˜i while the condition cˆ = 0 achieves the
same for p˜ia. More elaborate parameter choices exist besides these two obvious examples and in the next section
we provide a systematic derivation of all possible conditions that can be imposed on the ci parameters such that
dierent sets of primary constraints emerge.
IV. PRIMARY CONSTRAINTS AND CLASSIFICATION OF THEORIES
Primary constraints arise whenever it is not possible to express all velocity elds in terms of momenta. Since (12)
forms an inhomogeneous, linear system of equations for the velocities (N˙ , N˙a, h˙ab), this is tantamount to stating
that constraints arise whenever the matrix describing the linear system (12) is not invertible. A further moment of
reection will show that the invertibility of this matrix is equivalent to the invertibility of the Hessian
H := − 1√
h
∫
Σt
δ2S
δΨ˙IδΨ˙J
d3x, (15)
where Ψ˙I stands representatively for (N˙ , N˙a, h˙ab). Its components HΨ˙IΨ˙J can be inferred from (12) and are formally
given by
HN˙N˙ =
4
N3
c˜ HN˙aN˙b = −
cˆ
N3
hab
HN˙N˙a = 0 HN˙ah˙bc = 0
HN˙h˙ab =
c35
N2
hab Hh˙abh˙cd =
1
N
(
c1h
cahdb + c3h
abhcd
)
. (16)
If the rank of the Hessian is less than ten, then there are M := 10− rankH independent constraint equations among
the conguration space variables. Our task is therefore to nd all conditions on the ci parameters which lead to
dierent numbers M of primary constraints. To that end, it is useful to pick a specic ordering for the velocity elds
and write out the Hessian matrix explicitly. Our convention is Ψ˙I = (N˙ , N˙1, N˙2, N˙3, h˙11, h˙22, h˙33, h˙12, h˙13, h˙23) and
this results in the matrix
4
N3 c˜ 0 0 0 c35
h11
N2 c35
h22
N2 c35
h33
N2 c35
h12
N2 c35
h13
N2 c35
h23
N2
0 −cˆh11N3 −cˆh12N3 −cˆh13N3 0 0 0 0 0 0
0 −cˆh12N3 −cˆh22N3 −cˆh23N3 0 0 0 0 0 0
0 −cˆh13N3 −cˆh23N3 −cˆh33N3 0 0 0 0 0 0
c35
h11
N2 0 0 0
c13(h
11)2
N
c1(h
12)2+c3h
11h22
N
c1(h
13)2+c3h
11h33
N
c13h
11h12
N
c13h
11h13
N
c1h
12h13+c3h
11h23
N
c35
h22
N2 0 0 0
c1(h
12)2+c3h
11h22
N
c13(h
22)2
N
c1(h
23)2+c3h
22h33
N
c13h
12h22
N
c1h
12h23+c3h
12h22
N
c13h
22h23
N
c35
h33
N2 0 0 0
c1(h
13)2+c3h
11h33
N
c1(h
23)2+c3h
22h33
N
c13(h
33)2
N
c1h
13h23+c3h
12h33
N
c13h
13h33
N
c13h
23h33
N
c35
h12
N2 0 0 0
c13h
11h12
N
c13h
12h22
N
c1h
13h23+c3h
12h33
N
c1h
11h22+c3(h
12)2
N
c1h
11h23+c3h
12h13
N
c13h
12h23
N
c35
h13
N2 0 0 0
c13h
11h13
N
c1h
12h23+c3h
12h22
N
c13h
13h33
N
c1h
11h23+c3h
12h13
N
c1h
11h33+c3(h
13)2
N
c1h
12h33+c3h
13h23
N
c35
h23
N2 0 0 0
c1h
12h13+c3h
11h23
N
c13h
22h23
N
c13h
23h33
N
c13h
12h23
N
c1h
12h33+c3h
13h23
N
c3(h
23)2+c1h
22h33
N

(17)
5where c13 is a shorthand notation for c1 + c3. A convenient way to characterize the degeneracy of the above matrix
is by computing its determinant. Naturally, this can be achieved using computer algebra systems, but it is also worth
noting that this matrix consists of nested block matrices and we can therefore make deductions about its structure.
In fact, in a rst step we can think of H as being given by
H =
(
4
N3 c˜ v
ᵀ
v M
)
, (18)
where the vector v stands for the rst column of (17), not including the element 4N3 c˜, v
ᵀ stands for its transpose,
and M represents the remaining 9× 9 block matrix which makes up (17). The determinant of block matrices is easy
to compute and one readily nds
detH =
(
4
N3
c˜− vᵀM−1v
)
detM, (19)
assuming M is invertible. Next, notice that M itself is also a block matrix which can be written as
M =
(− cˆN3h 03×6
06×3 N
)
, (20)
where h stands for the matrix representing the intrinsic metric, 0n×m is a n × m zero matrix, and N is the 6 × 6
matrix in the lower right corner of (17). The determinant and the inverse of M are again easy to compute due to its
block diagonal form and one nds
detM = − cˆ
3
N9
dethdetN and M−1 =
(−N3cˆ h−1 03×6
06×3 N−1
)
. (21)
Using the expression forM−1, it follows that vᵀM−1v = c235w˜ᵀN−1w˜, where w˜ corresponds to the rst column of (17)
divided by c35 and without the rst four elements. Hence, the determinant of the Hessian can be written as
detH = − cˆ
3
N9
(
4
N3
c˜− c235w˜ᵀN−1w˜
)
dethdetN. (22)
Almost all dependence of detH on the parameters ci has been separated from its dependence on the eld variables.
Only N still depends on both, the parameters c1 and c3, and some of the eld variables. Notice however that detN
is a polynomial and that N−1 ∝ 1detN multiplied by detN is also a polynomial in c1 and c3. Hence, it follows that the
determinant of the Hessian must have the form
detH = cˆ3
(
c˜ Poly(c1, c3)− c235 Poly(c1, c3)
)
. (23)
The precise form of the polynomials has to be inferred from computing detN and N−1 or by a direct computation of
the determinant of the original Hessian matrix. Both approaches lead to the nal form
detH = c51 cˆ
3
[
c1c˜A− (c235 − 4c3c˜)B
]
, (24)
which is cubic in cˆ, quadratic in c35, and linear in c˜, just as expected from (23), and where A and B are solely functions
of the eld variables given by2
A :=
4
dethN18
h11h33
(
h11h22 − (h12)2) (h22h33 − (h23)2)
B :=
1
dethN18
[
(h12)2h33
(
(h13)2h22 − 2h12h13h23 + (h12)2h33)
− h11 ((h13)2h22 − 2h12h13h23 + 4(h12)2h33) (h22h33 − (h23)2)
(h11)2
(
(h23)2 − 3h22h33) ((h23)2 − h22h33) ]. (25)
2 It appears there is a tension between the factor deth in (22) and the factor 1
deth
appearing in the functions A and B. However, the latter is
due to the fact that both polynomials in (23) are proportional to (deth−1)2.
6Due to the simple structure of (24), it is straightforward to formulate conditions on the parameters ci which render
the rank of H non-maximal:
detH = 0 ⇐⇒ c51cˆ3 = 0 or c1c˜A−
(
c235 − 4c3c˜
)
B = 0
⇐⇒ c1 = 0 or cˆ = 0 or c˜ = 0, c35 = 0 or c1 = 0, c235 − 4c3c˜ = 0, c˜ 6= 0. (26)
The second equivalence relation follows from the requirement that the ci parameters are independent of the eld
variables, which means that the factors multiplying A and B need to vanish independently. Also, it is necessary to
impose c˜ 6= 0 in the last condition because otherwise one simply recovers a subset of the solutions found through
the conditions c˜ = 0, c35 = 0.
Each one of the four independent parameter conditions (26) leads to a dierent matrix rank for the Hessian and
correspondingly to a dierent number of primary constraints, M = 10− rankH . Moreover, each parameter condition
denes a hypersurface in the ve-parameter space of theories described byQ. Since these hypersurfaces correspond
to theories with dierent sets of primary constraints, we refer to them as primary sectors. Their properties are
summarized in the following table.
Primary sector I II III IV
Dening conditions c˜ = 0 and c35 = 0 cˆ = 0 c1 = 0
c235−4c3c˜ = 0 and c1 = 0
with c˜ 6= 0
Explicit
c4 = −c1 − c2 + c3
c5 = −2c3 c4 = −2c1 − c2 c1 = 0
c1 = 0 and c4 = −c2 + c
2
5
4c3
or
c1 = 0, c3 = 0, c5 = 0
Primary constraints 1 3 5 6
As we had already seen in the previous section, the conditions c˜ = 0, c35 = 0 turn the momentum density conjugate
to the lapse function into a primary constraint while cˆ = 0 has the eect of eliminating all velocity terms from p˜ia. This
independently conrms that these conditions lead to one and three primary constraints, respectively. That c1 = 0
corresponds to ve primary constraints would not have been immediately guessed from (12), but it is clear if we look
at the Hessian (17), where c1 = 0 renders the 6× 6 submatrix N degenerate.
Of course, it is also possible to construct new parameter conditions by identifying where the sectors I–IV intersect each
other. However, not all combinations of two sectors lead to new primary constraints: The intersection I ∩ III simply
describes a particular subspace of region I and still only gives rise to one primary constraint. Similarly, combining the
sectors III and IV does not lead to new constraints because c1 = 0 is already a required condition for sector IV. Also,
the sectors I and IV cannot intersect each other because the dening conditions of sector I are incompatible with the
requirement c˜ 6= 0 of sector IV. Hence, out of the six possible combinations of two sectors, only three give rise to
new primary constraints. These combinations are summarized in the following table.
Primary sector V (GR) VI VII
Intersection of I ∩ II II ∩ III II ∩ IV
Dening conditions c˜ = 0, cˆ = 0 and c35 = 0 cˆ = 0 and c1 = 0
cˆ = 0, c235 − 4c3c˜ = 0
and c1 = 0 with c˜ 6= 0
Explicit c3 = −c1, c4 = −2c1 − c2
c5 = 2c1
c1 = 0, c4 = −c2 c1 = 0, c4 = −c2, c5 = 0
Primary constraints 4 8 9
Notice that sector V, characterized by the parameter conditions which turn the momenta conjugate to lapse and shift
into primary constraints, has to be the sector which contains GR as a special case. Indeed, one can verify that the
GR values (8) satisfy the conditions of sector V. Also, observe that due to the independence of the conditions which
dene the sectors I–IV, the numbers of primary constraints of the sectors V–VII are obtained by simple addition.
Next, we may consider the intersection of three hypersurfaces. A priori there are three possible combinations of the
sectors I–IV. However, we have already established above that intersections containing I ∩ IV are inconsistent due to
the requirement c˜ 6= 0 of sector IV and combining III with IV does not lead to anything new. Hence, the intersections
I ∩ II ∩ IV and II ∩ III ∩ IV can be excluded and the only remaining option is I ∩ II ∩ III. The result is summarized in the
table below.
Primary sector VIII
Intersection of I ∩ II ∩ III
Dening conditions c˜ = 0, cˆ = 0,
c35 = 0, c1 = 0
Explicit c1 = 0, c3 = 0,
c4 = −c2, c5 = 0
Primary constraints 10
7With the denition of sector VIII, we have exhausted all possibilities of combining dierent sectors. The only remaining
condition we can impose on the ci parameters is that they do not satisfy any of the conditions which dene the
sectors I–VIII. More formally, we can dene a new primary sector, which we shall call sector 0, by the requirement
(c1, c2, c3, c4, c5) ∈ R5 \ (I ∪ II ∪ · · · ∪ VIII ). All nine primary sectors and their interrelations are shown in Figure 1.
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Figure 1: The ve-parametric theory space described by the non-metricity scalar Q decomposes into nine primary sec-
tors. Four sectors, I–IV, emerge directly from the degeneracy of the Hessian, while the sectors V–VIII describe
the intersection of two or three dierent sectors. The unphysical sector 0 lies in the complement of I–VIII.
We remark that some of the conditions found in the present context are consistent with prior results obtained
through perturbative techniques. In [4] it was shown that the perturbative expansion of (9) up to quadratic order
around Minkowski space gives rise to an action which in general propagates more than two degrees of freedom. A
pure, massless spin-2 eld only emerges if additional3 gauge symmetries are stipulated. Requiring invariance under
linearized dieomorphisms led in [4] to the parameter conditions c3 = −c1, c4 = −2c1 − c2, and c5 = 2c1, which
we recognize as the explicit conditions which dene sector V. Or in other words: These are the conditions which turn
the momenta conjugate to lapse and shift into primary constraints. This in turn is consistent with the observation
also made in [4] in the context of a cosmological mini-superspace model, where it was found that unless c˜ = 0 and
c35 = 0, the lapse becomes a dynamical degree of freedom.
As discussed in [4], a second gauge symmetry for the perturbative expansion of (9) can be stipulated. The requirement
of invariance under transverse dieomorphisms in conjunction with a Weyl rescaling leads to the parameter conditions
c3 = − 38c1, c4 = −2c1 − c2, and c5 = c1. These conditions are compatible with sector II, which only requires
c4 = −2c1 − c2. Indeed, it can be checked by direct computation that these conditions give rise to a Hessian matrix
of rank seven, which in turn corresponds to the presence of three primary constraints.
To conclude this section, we point out that even though a full-edged Hamiltonian analysis is necessary to reliably
count the degrees of freedom and assess the health status of each sector, we can dismiss the sectors 0, VII, and
VIII as unphysical. These sectors propagate ten, at most one, and zero degrees of freedom, respectively. The health
status of the sectors I–IV and VI is less clear. In the case of the sectors III, IV, and VI it is not clear what the condition
c1 = 0 actually means in physical terms. However, it should be pointed out that c1 = 0 removes dynamical terms
from the momentum conjugate to the intrinsic metric (12) and that in GR we have c1 6= 0. This condition therefore
seems to be “subtracting” from GR, rather than “adding” to it, and it seems dubious whether these sectors have
anything to do with gravity as we know it.
The primary constraints appearing in the sectors I and II, on the other hand side, have a clear interpretation. However,
these constraints are in general not enough to render lapse and shift non-dynamical which would then give rise to
ghostly degrees of freedom. A denitive statement can of course only be made after having identied potential
secondary constraints.
This nally leaves sector V as the most promising sector. We already know that it contains GR as a special case, but
it may also contain viable extensions and therefore invites further investigations.
3 In addition to the gauge freedom used to eliminate the connection.
8V. CONCLUSION
We have performed the rst steps of a generalized Hamiltonian analysis of the ve-parameter family of non-metricity
theories introduced in [4] and we have classied all primary constraints in terms of conditions one can impose on the
ci parameters. Our main result is that the theory space can be decomposed into nine sectors, based on the presence
or absence of primary constraints, and that certain sectors can be dismissed as unphysical already at this stage.
A key feature of our analysis is the use of the coincident gauge. In this particular gauge the connection vanishes
globally and we can use the action (9), which is purely a functional of the metric, as our starting point. We subsequently
performed a 3 + 1 decomposition in terms of ADM variables and computed the corresponding conjugate momentum
densities. As had to be expected, the momenta conjugate to lapse and shift do not vanish in general, not even for
the parameter choices (8) which correspond to Coincident General Relativity. However, this is no obstruction since
these momenta no longer depend on velocity elds and are therefore turned into primary constraints.
By systematically examining under which conditions the Hessian matrix (17) fails to be invertible, we have identied four
independent equations (26) which dene hypersurfaces in the ve-parametric theory space. These hypersurfaces,
dubbed primary sectors I through IV, correspond to theories with dierent sets of primary constraints. Moreover,
some of these sectors can intersect each other and thereby give rise to new combinations of primary constraints. In
total, there are eight primary sectors I–VIII which are described by certain conditions on the ci parameters. A ninth
sector can be dened by the requirement that the parameters do not obey any of the conditions which dene the
sectors I–VIII. This sector, dubbed sector 0, as well as the sectors VII and VIII can be discarded as unphysical because
they harbor theories with ten, one, and zero degrees of freedom, respectively.
The sectors III, IV, and VI all contain the condition c1 = 0 which seems to modify the dynamical behavior of the mo-
mentum conjugate to the intrinsic metric and therefore may lead to large deviations from GR which has a c1 parameter
dierent from zero. The primary constraints appearing in the sectors I and II have a clear physical interpretation, but
it seems unlikely that they suce to render lapse and shift non-dynamical and therefore potentially harbor ghostly
degrees of freedom. This leaves sector V, which contains GR as a special case, as the most promising sector to look
for viable extensions of General Relativity.
In any case, the next step is to determine the primary Hamiltonian of each sector and compute the Poisson brackets
between the constraints and the Hamiltonian. This could potentially lead to secondary constraints and it is a necessary
step in order to determine the number of physical degrees of freedom and assess the health status of the various
non-metricity theories described by Q.
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